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Interfacial fractureCohesive zone (CZ) fracture analysis techniques are used to predict the initiation of crack growth from the
interface corner of an adhesively bonded butt joint. In this plane strain analysis, a thin linear elastic adhe-
sive layer is sandwiched between rigid adherends. There is no preexisting crack in the problem analyzed,
and the focus is on how the shape of the traction–separation (T–U) relationship affects the predicted joint
strength. Unlike the case of a preexisting interfacial crack, the calculated results clearly indicate that the
predicted joint strength depends on the shape of the T–U relationship. Most of the calculations used a
rectangular T–U relationship whose shape (aspect ratio) is deﬁned by two parameters: the interfacial
strength r⁄ and the work of separation/unit area C. The principal ﬁnding of this study is that for a spec-
iﬁed adhesive layer thickness, there is any number of r⁄, C combinations that generate the same pre-
dicted joint strength. Each combination corresponds to a different CZ length. An approximate CZ-like
elasticity solution was developed to show how such combinations arise and their connection with the
CZ length.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The cohesive zone (CZ) fracture modeling technique is now
commonly used to predict failure of bodies containing an initial
crack (Tvergaard and Hutchinson, 1993; Xu and Needleman,
1994) and adhesively bonded joints (Yang and Thouless, 2001;
Kafkalidis and Thouless, 2002; Blackman et al., 2003; Liljedahl
et al., 2006; Banea and da Silva, 2009; Gustafson and Waas,
2009). When used in an analysis where all bulk materials are linear
elastic, one recovers linear elastic fracture mechanics predictions
provided that the CZ is sufﬁciently small when compared to the
crack length (i.e., similar to a small-scale yielding requirement).
Even though the shape of the traction–separation (T–U) relation-
ship used in a CZ fracture analysis affects the length of the CZ, this
change in length has negligible effect if the CZ is sufﬁciently small.
In such cases the solution only depends on the area under the T–U
relationship, which equals the work of separation/unit area of
crack advance (i.e., fracture toughness).
Although most frequently applied to cracked bodies, a CZ failure
analysis has also been applied with some success to problems
where there is no preexisting crack, but where failure initiates
from sharp discontinuities such as generated by corners or sharp
notches. For example, CZ modeling techniques have been appliedto V-notched PMMA samples with various notch angles, depths,
and sizes (Gomez and Elices, 2003). In this study, the specimens
were loaded either in tension or bending. Predicted strengths were
generally in good agreement with the experimental results. These
authors indicated that they found that the rectangular T–U rela-
tionship was the best shape to reproduce all experimental results.
The reason why this is true was not discussed. In another study, a
CZ analysis was used to predict the initiation of crack growth
from the bimaterial corner of an aluminum/epoxy specimen
(Mohammed and Liechti, 2000). In this work, a CZ model was cal-
ibrated using experimental data for an interfacial crack and then
used to successfully predict the strength of specimens with varying
corner angles. The present work examines the use of a CZ fracture
analysis to predict the strength of a sharp-edged, adhesively
bonded butt joint. This type of joint is commonly used to evaluate
adhesives and is also a relatively simple geometry to analyze.2. Failure analysis of an adhesively bonded butt joint based on a
critical value of the interface corner stress intensity factor
In previous work, a method analogous to traditional fracture
mechanics was found to accurately predict the strength of sharp-
edged, adhesively bonded butt joints (Reedy, 1990; Reedy and
Guess, 1993, 1997, 1999). This technique uses the stress intensity
factor associated with the interface corner (IC) discontinuity
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Fig. 1. Adhesively bonded, sharp-edged cylindrical butt joint with the associated
idealized plane strain asymptotic problem of an elastic quarter-plane bonded to a
rigid quarter-plane.
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Fig. 2. Comparison of measured butt joint tensile strength vs. bond thickness data
with prediction based on an interface corner toughness of 12.7 MPa-mm0.32.
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Fig. 3. Effective T–U relationship used in conjunction with the CZ model (in this
study v1 = 0.01 and v2 = 0.99, and the T–U is approximately rectangular).
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where r is the distance from the IC and k  1 is the order of the
power-law singularity (which is weaker than that found at a crack
tip). The value of the IC stress intensity factor Ka determines the
magnitude of the stress state in the region of the interface corner.
It depends on loading, geometry, and layer elastic properties. For a
thin adhesive layer sandwiched between rigid adherends
Ka ¼ m1 mrnh
1kAðmÞ ð1Þ
where A(m) is a function of Poisson’s ratio m, 2h is the thickness of
the adhesive layer, and rn is the nominal applied tensile stress
(applied load/cross sectional area). The strength of the singularity
also depends on m. When m = 0.35, A(m) = 0.958, and 1  k = 0.320.
The IC failure theory for adhesively bonded butt joints postu-
lates that fracture initiates once the surrounding stress ﬁeld
reaches a critical state
Ka ðloadingÞ ¼ Kac ðmaterial propertyÞ ð2Þ
where the critical value of the IC stress intensity factor Kac is a mea-
sured material property and is referred to as the IC toughness. This
approach requires that the asymptotic stress state characterized by
Ka must dominate a region about the interface corner that is signif-
icantly larger than the fracture process zone, intrinsic ﬂaw size, and
the plastic yield zone (i.e., requirements similar to small scale yield-
ing in linear elastic fracture mechanics). This technique was found
to accurately predict the observed variation in joint strength with
bond thickness. If Ka is equal to Kac, then Eq. (1) requires rfh1k to
remain constant, where rf is the nominal butt joint tensile strength
(failure load/cross sectional area). The measured tensile strength of
butt joints formed by bonding 28.6-mm diameter, stainless steel
adherends together with an epoxy adhesive was found to follow
the predicted power-law relationship between joint strength andbond thickness as shown in Fig. 2. A detailed description of the butt
joint tests that measured the strength data plotted in Fig. 2 is doc-
umented elsewhere (Reedy and Guess, 1993). Note that in these
tests the plastic yield zone emanating from the interface corner is
estimated to be less than 2% of the bond thickness, and conse-
quently, the small scale yielding idealization applies. Similar levels
of agreement with butt joint strength data have been observed for
other butt joint tests (Reedy and Guess, 1997, 1999). One of the
questions being addressed in this study is whether a CZ failure anal-
ysis could provide an alternate approach for predicting the strength
of adhesively bonded butt joints.3. CZ Fracture analysis of an adhesively bonded butt joint
In a CZ model, interfacial separation is deﬁned in terms of an
effective interfacial traction vs. separation relationship (Fig. 3).
Key parameters deﬁning this T–U relationship are the interfacial
strength r⁄ and the work of separation/unit areaC. A CZ separation
model is computationally attractive for simulating interfacial fail-
ure since crack growth is a natural outcome of the solution, and
moreover it leads to mesh-independent results since a length scale
is embedded within the model (provided that the mesh is ﬁne
enough to resolve the CZ — the region of interfacial softening
behind the crack tip). The particular CZ formulation used in this
study is similar to that used by Tvergaard and Hutchinson
(1993). The effective separation v is deﬁned as
v ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dn
dcn
 2
þ dt
dct
 2s
ð3Þ
where dn and dt are the normal and tangential displacement jump
across the interface while dcn and d
c
t are the respective critical values.
Since there is no compelling reason to assume otherwise,
dcn ¼ dct ¼ dc is assumed. The normal and tangential interfacial trac-
tions (Tn and Tt, respectively) are deﬁned via the potential
/ðdn; dtÞ ¼ dc
Z v
0
rðv0Þdv0 ð4Þ
with
Tn ¼ @/
@dn
¼ rðvÞv
dn
dc
and Tt ¼ @/
@dt
¼ rðvÞv
dt
dc
ð5Þ
Normal interpenetration is penalized by applying a prescribed
multiple of the initial loading stiffness. Unless indicated otherwise,
a trapezoidal T–U relationship was used, where v1 and v2 deﬁne its
shape. The trapezoidal T–U relationship was chosen for its simplic-
ity and a relationship with steep loading and unloading slopes was
used (v1 = 0.01 and v2 = 0.99). Consequently, the shape of the T–U
relationship is essentially rectangular and will be referred to as
such. The work of separation per unit area of interface (i.e., intrin-
sic interfacial toughness) is path independent and equals the value
of the potential / evaluated at v = 1 (Eq. (4)). For the assumed
Table 1
Predicted joint strength when a rectangular (rect) T–U relationship is used is
compared to that predicted when a triangular (tri) T–U relationship is used where
both relationships have the same value of C and r⁄ (r⁄ = 80 MPa, and C = 20 J/m2).
Results for two levels of mesh reﬁnement.
2 h (mm) D (mm) Type T–U rf (MPa) LCZ (mm) Ka MPa-mm0.32
0.5 0.0010 rect 48.4 0.015 16.0
0.5 0.0005 rect 48.1 0.015 15.9
0.5 0.0010 tri 39.6 0.014 13.1
0.5 0.0005 tri 39.6 0.015 13.1
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Fig. 5. T–U relationships used in calculations where C is held ﬁxed while r⁄ is
varied (curves for case of a pure mode I loading).
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99% of that of a rectangular T–U relationship when v1 = 0.01 and
v2 = 0.99). The length of the CZ Lcz is deﬁned as the region of inter-
facial softening where v1 < v < 1 (i.e., if considered rectangular,
where r = r⁄).
In the work reported herein, an idealization of the butt joint
geometry that was tested in previous work is analyzed (Figs. 1
and 2). In those tests, cylindrical, stainless steel adherends were
bonded together with an epoxy adhesive (Reedy and Guess,
1993). Since the steel adherends are much stiffer than the epoxy
adhesive layer, the adherends can be considered rigid. Further-
more, the bond length can be considered to be semi-inﬁnite since
the thickness of the adhesive layer is much smaller than any other
joint dimension. Estimates for the extent of epoxy yielding in the
tested butt joints indicate that small scale yielding occurred.
Accordingly, the adhesive layer was modeled as linear elastic and
the joint is idealized as a thin, linear elastic adhesive layer sand-
wiched between rigid adherends (Fig. 4). All material nonlinearity
is incorporated in the he cohesive zone model. The layer has thick-
ness 2h and length 2L, and in all calculations L/h = 40 so as to clo-
sely approximates an inﬁnitely long bond (symmetry condition
were applied so that only one-half of the layer length is modeled).
In this plane strain analysis, the bottom edge of the elastic layer is
ﬁxed while the top edge is displaced upward. Note that although
this is a plane strain analysis, axisymmetric calculations will yield
similar results for sufﬁciently large L/h since the rigid adherends
limit radial displacements (Reedy, 1990). In the results reported
here, the elastic layer has a Young’s modulus E = 3.5 GPa, Poisson’s
ratio m = 0.35, and its thickness 2h = 0.5 mm (unless indicated
otherwise). Interfacial separation is presumed to occur only along
the upper interface (in the butt joint tests, failure always initiated
on one interface along a small segment of the specimen periphery
(Reedy and Guess, 1993)). The ﬁnite element mesh is highly
reﬁned in the region surrounding the upper interface corner and
cohesive surface elements are pre-inserted along the interface in
this region. The normalized characteristic element length D/h in
the reﬁned region is either 0.002 or 0.004 (smaller CZ elements
are used when the choice of problem parameters generate a rela-
tively small CZ) and the reﬁned area was 50D by 50D or larger. Test
calculations comparing results for D/h = 0.002 and D/h = 0.004
generated essentially the same predicted failure loads (within 1%,
see Table 1). Sandia National Laboratories’ Sierra/SM implicit
quasistatics ﬁnite element code was used to perform the analysis
(Thomas, 2011).4. Effect of varying the C, r⁄ values that deﬁne a rectangular
T–U relationship
The sensitivity of the predicted butt joint tensile strength to the
shape (aspect ratio) of the rectangular T–U relationship used in the
CZ analysis was investigated. Fig. 5 plots the T–U relationships that
were used in the analysis. The work of separation per unit area of
interface was held ﬁxed a 20 J/m2 while the interfacial strength r⁄
was varied from 60 to 100 MPa. The calculated butt joint tensileL=40h
Interface corner where cohesive surface elem
Fig. 4. Adhesively bonded butt joint model geometry where the bottom edge of thestrength rf is deﬁned as the normal stress at the center of the layer
when the crack ﬁrst begins to propagate (i.e., the magnitude of the
tensile stress in a region far from the interface corner where the
layer stress is uniform). The CZ is fully developed at this point,
and any further increase in load would cause the crack to propa-
gate rapidly. Fig. 6 shows that the predicted joint strength varies
with the value of r⁄ even though C is ﬁxed. As shown in Fig. 7,
the length of the CZ Lcz also varies with r⁄. In these calculations,
Lcz is small relative to the layer thickness. Previous work has shown
that the interface corner singularity dominates a region that
extends to 0.3 h (when m = 0.35–0.4), and so small scale yielding
conditions apply (Reedy, 1993, 2000). This result can be contrasted
with CZ predictions for a long interfacial crack between elastic
materials. In the long crack case the predicted strength will be
independent of the shape of the CZ model used in the analysis
and the predicted strength will agree with a linear elastic fracture
mechanics prediction (provided that the CZ length is small com-
pared to all problem dimensions including crack length). In analy-
ses where there is no preexisting crack, the CZ could be considered
to be the ‘‘initial ﬂaw’’ and, consequently, its length as well as the
magnitude and distribution of CZ tractions would matter. Since Lcz
and CZ tractions depend on the details of the T–U relationship, one
might anticipate that the predicted joint strength will also depend
on the shape of the T–U relationship.
Since the predicted butt joint strength depends on both C and
r⁄, it seems likely that there may be any number of C, r⁄ combina-2hE=3.5 GPa, =0.35
rigid
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Fig. 6. Predicted butt joint strength rf when C is held ﬁxed while r⁄ is varied (used
T–U relationships in Fig. 5).
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Fig. 7. Calculated CZ length Lcz when C is held ﬁxed while r⁄ is varied (used T–U
relationships in Fig. 5).
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Fig. 8. Any number of C, r⁄ combinations produce the same value of Kac (i.e., the
same rf for a given 2h).
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Fig. 9. Calculated CZ length Lcz for C, r⁄ combinations that produce the same value
of Kac (Kac = 12.7 MPa-mm0.32).
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Fig. 10. Calculated interfacial normal Tn and shear Tt tractions as well as effective
interfacial stress r when a rectangular T–U is used (r⁄ = 80 MPa and C = 9.7 J/m2).
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(or alternately generate a ﬁxed value of Kac). Fig. 8 plots results of
four CZ fracture calculations, each using a different C, r⁄ combina-
tion, that predict that a butt joint with a 0.5 mm-thick adhesive
layer fails at an applied tensile stress of 38 MPa (i.e., when
Kac = 12.7 MPa-mm0.32, a value that is consistent with the joint
strength data plotted in Fig. 2). These C, r⁄ combinations were
determined by trial and error (within 1% of targeted value) and
each combination corresponds to a different Lcz (Fig. 9). Since there
are any number of C, r⁄ combinations that generate the same joint
strength, a T–U relationship that successfully predicts butt joint
failure cannot be considered to be a material-like property (since
there are any number of T–U relationships that would also
successfully predict joint failure). In the next section, an approxi-
mate CZ-like elasticity solution is used to estimate C, r⁄ combina-
tions that generate the same Kac.5. Approximate CZ-like elasticity solution for the case of a
rectangular T–U relationship
An elasticity solution that provides insights into the connection
between nominal joint strength rf, CZ parameters C and r⁄, and
cohesive zone length Lcz is described in this section. The analysis
is based on a simpliﬁed, approximate representation of the cohe-
sive zone that emanates from the interface corner. Fig. 10 illus-
trates the nature of the tractions that are predicted by a CZ ﬁnite
element analysis (CZ FEA) of an adhesively bonded butt joint when
a rectangular T–U is used (plotted results for the case where
r⁄ = 80 MPa and C = 9.7 J/m2). These results show that the normal
traction Tn dominates within the CZ where Tn/Tt > 2.7. Hence, Tn is
also a far greater contributor to the effective stress r,
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T2n þ T2t
q
ð6Þ
where r is deﬁned so as to be consistent with the Tvergaard and
Hutchinson CZ model (i.e., derived using Eqs. (3) and (5)). Conse-
quently, when constructing an approximate elasticity solution for
a CZ embedded within the interface corner stress singularity, it
seems reasonable to consider Tn as constant within the CZ. Although
Tt varies more within the CZ, its relative magnitude is considerably
less and consequently it also seems reasonable to also approximate
it as constant within the CZ with this constant value representing
the average value of Tt. Based upon these assumptions, a CZ-like
elasticity solution for the case of a rectangular T–U can be con-
structed by superimposing interfacial fracture solutions for: (1) a
small interfacial edge crack of length a embedded within the inter-
face corner’s singular stress ﬁeld (Fig. 11a), (2) a small interfacial
edge-crack of length a loaded by a uniform crack-face pressure p⁄
(Fig. 11b), and (3) a small interfacial edge-crack edge of length a
4340 E.D. Reedy Jr. / International Journal of Solids and Structures 51 (2014) 4336–4344loaded by a uniform crack-face shear traction s⁄ (Fig. 11c). Further-
more, the approximate CZ-like solution, where a equals Lcz, imposes
the requirement that the sum of these three complex stress inten-
sity factors equal zero (i.e., after superposition, the stress intensity
factor at the crack tip vanishes). Each of these solutions will be pre-
sented next, followed by the approximate solution derived by their
superposition. This analysis assumes that the adherends are rigid
and that the CZ is embedded within the region dominated by the
interface corner singularity. Also note that in this simpliﬁed,
approximate representation of the cohesive zone, the CZ tractions
Tn and Tt are not coupled in the same way as they are in the CZ
FEA (i.e., in the CZ FEA Tn and Tt are coupled via Eqs. ((3)–(5)).5.1. A small interfacial edge-crack embedded within the interface
corner’s singular stress ﬁeld
The solution to this problem has been published previously
(Reedy, 2000). A short, interfacial crack is considered to be fully
embedded within the region dominated by the interface corner
stress singularity (Fig. 11a). The angular variation of displacements
along the outer boundary (radial distance from the interface corner
r a) is known from the interface corner solution (Fig. 1), and Ka
determines the magnitude of the loading. A dimensional analysis
indicates that the complex stress intensity Kssc for this small-scale
cracking problem can be expressed in terms of problem parame-
ters as
Kssc ¼ Kaað2k1Þ=2DðmÞ1=2eiwsscr¼a ð7Þ
where Ka is deﬁned by Eq. (1). The function D(m) and the phase angle
wsscr¼a (evaluated at a characteristic distance a in front of the crack-
tip) are determined for m values of interest by matching Eq. (7) with
ﬁnite element results for the same asymptotic problem. When
m = 0.35, D = 5.89 and wsscr¼a ¼ 16:5o (recall from the discussion of
the IC solution in Section 2, when m = 0.35, 1  k = 0.320, and
A = 0.958). Based on dimensional considerations, the normal and
tangential crack ﬂank displacements at the stress-free edge, dsscn
and dssct ; respectively, can be expressed as
dsscn ¼ Kaakf nðmÞ=E ð8Þdssct ¼ Kaakf tðmÞ=E ð9Þ
where
E ¼ 2E=ð1 m2Þ ð10Þ
When m = 0.35, fn = 7.57 and ft = 0.41.Rigid A
a
pressure
p*
ui = Kar
λgi (θ,ν) / E
for r >> a
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IC asymptotic 
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Fig. 11. Three asymptotic problems used to construct a CZ-like solution for a sharp-e
singular stress ﬁeld, (b) uniform pressure applied to a small interfacial edge-crack, and5.2. A small pressurized interfacial edge crack
A dimensional analysis indicates that the complex stress inten-
sity Kp for the asymptotic problem of a small interfacial edge-crack
of length a loaded by a crack-face pressure p⁄ (Fig. 11b) can be
expressed in terms of problem parameters as
Kp ¼ pðpabðmÞÞ1=2eiw
p
r¼a ð11Þ
The function b(m) and the phase angle wpr¼a are determined for m
values of interest by matching Eq. (11) with ﬁnite element results
for the same asymptotic problem. When m = 0.35, b = 1.132 and
wpr¼a ¼ 0:6o. The normal and tangential crack ﬂank displacements
at the stress-free edge, dpn and d
p
t ; respectively, can be expressed as
dpn ¼ padnðmÞ=E ð12Þ
dpt ¼ padtðmÞ=E ð13Þ
When m = 0.35, dn = 4.91 and dt = 1.42.
5.3. A small interfacial edge-crack with a crack-face shear traction
A dimensional analysis indicates that the complex stress inten-
sity Kt for the asymptotic problem of a small interfacial edge-crack
of length a loaded by a crack-face shear traction s⁄ (Fig. 11c) can be
expressed in terms of problem parameters as
Kt ¼ tðpacðmÞÞ1=2eiwtr¼a ð14Þ
The function c(m) and the phase angle wtr¼a are determined for m
values of interest by matching Eq. (14) with ﬁnite element results
for the same asymptotic problem. When m = 0.35, c = 1.305 and
wtr¼a ¼ 104:5o. The normal and tangential crack ﬂank displace-
ments at the stress-free edge, dtn and d
t
t ; respectively, can be
expressed as
dtn ¼ taenðmÞ=E ð15Þ
dtt ¼ taetðmÞ=E ð16Þ
When m = 0.35, en = 3.47 and et = 5.58.
5.4. Approximate CZ-like solution for an adhesively bonded butt joint
A CZ-like elasticity solution for the case of a rectangular T–U is
constructed by superimposing the three interfacial fracture solu-
tions presented above in Sections 5.1–5.3 along with the require-
ment that the sum of the their associated complex stress
intensities factors equal zero (there is no stress singularity at the
tip of the CZ). Accordingly,
Kssc þ Kp þ Kt ¼ 0 ð17Þui =
dherend
0 ui =
Rigid Adherend
a
Shear
traction
t*
0
)(c
dged butt joint: (a) interfacial edge crack embedded within the interface corner’s
(c) uniform shear traction applied to surface of a small interfacial edge-crack.
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Fig. 12. Comparison of interfacial tractions predicted by CZ FEA with those
predicted by an approximate CZ-like elasticity solution.
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Fig. 13. Comparison of relationship between r⁄/rf and Lcz/h as predicted by a CZ
FEA with that predicted by an approximate CZ-like elasticity solution.
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(11) and (14). The set of equations generated by setting the real
and imaginary parts of Eq. (17) to zero can be solved for p⁄ and t⁄.
When m = 0.35,
p=rf ¼ 0:687ða=hÞ0:320 ð18Þ
t=rf ¼ 0:188ða=hÞ0:320 ð19Þ
Note that crack length a corresponds to the length of the CZ Lcz.
To enable a comparison to CZ FEA results, an effective interfacial
stress is deﬁned in terms of the interfacial tractions in the CZ-like
solution (p⁄ corresponds to Tn and t⁄ corresponds to Tt in Eq. (6)).
Consequently, the normalized effective stress within the CZ is
deﬁned as
r=rf ¼ ðp=rf Þ2 þ ðt=rf Þ2
 1=2
ð20Þ
When m = 0.35 (using Eqs. (18) and (19)),
r=rf ¼ 0:712ða=hÞ0:320 ð21Þ
The CZ-like elasticity solution can also be used to estimate the nor-
mal and tangential crack ﬂank displacements at the stress-free
edge. The total crack ﬂank edge displacements are determined by
summing the individual contributions from each of the superim-
posed solutions (summing Eqs. (8), (12) and (15) and also (9),
(13) and (16)). When m = 0.35 (using Eqs. (18) and (19)),
dn=h ¼ dsscn þ dpn þ dtn
 
=h ¼ 0:519ðrf =EÞða=hÞ0:680 ð22Þ
dt=h ¼ dssct þ dpt þ dtt
 
=h ¼ 0:061ðrf =EÞða=hÞ0:680 ð23Þ
An effective d can also be deﬁned in a way that is consistent
with the effective separation used in the Tvergaard and Hutchinson
CZ model (Eq. (3)), and for m = 0.35
d=h ¼ ðdn=hÞ2 þ ðdt=hÞ2
 1=2
¼ 0:523ðrf =EÞða=hÞ0:680 ð24Þ
Finally, the CZ-like elasticity solution is used to deﬁne a work of
separation/unit area-like quantity that can be compared to CZ FEA
results. Speciﬁcally, this analogue to the work of separation is
deﬁned as the product of the effective stress in the CZ (Eq. (21))
and the effective crack ﬂank displacement (Eq. (24)). When
m = 0.35, the nondimensionalized analogue to the work of separa-
tion/unit area is
ðECÞ=ðr2f hÞ ¼ 0:372ða=hÞ0:360 ð25Þ5.5. Comparison of CZ-like elasticity solution with CZ ﬁnite element
results
Fig. 12 compares the interfacial tractions within the CZ that are
predicted by a ﬁnite element CZ failure analysis with those pre-
dicted by the approximate CZ-like elasticity solution (normalized
by rf) as a function of CZ length (normalized by h). The results of
the CZ-like elasticity solution are deﬁned by Eqs. (18) and (19)
(note that a, p⁄, and t⁄ correspond to Lcz, T

n, and T

t , respectively,
where Tn and T

t are interfacial tractions within the CZ). Three sets
of ﬁnite element results are also plotted (a different symbol is used
for each set): (1) analyses where r⁄ and C are varied while main-
taining rf = 38 MPa and 2h = 0.5 mm (results of these calculations
are also plotted in Figs. 8 and 9), (2) analyses where r⁄ is varied
while maintaining 2h = 0.5 mm and C = 20 J/m2 (results of these
calculations are also plotted in Figs. 6 and 7), and (3) analyses
where 2h is varied while maintaining r⁄ = 60 MPa and C = 13.5 J/
m2 (results of these calculations are also plotted in Fig. 18). Since
the Tn and T

t values calculated by the CZ FEA vary somewhat
within the CZ (Fig. 10), their value at the mid-point of the CZ is
used in the comparison. The agreement between the CZ-like elas-
ticity solution and the CZ ﬁnite element failure analysis is quite
good. The CZ tractions that were determined from the ﬁnite ele-
ment analysis follow the power-law relationship as predicted by
the CZ-like elasticity solution (Eqs. (18) and (19)). The magnitude
of the tractions varies in a predictable way with the length of the
CZ.
Figs. 13 and 14 plot the CZ-like elasticity relationships deﬁned
by Eqs. (21) and (25), respectively. Collectively, these results can
be used to identify r⁄, C pairs that when used in a CZ FEA will gen-
erate a predicted butt joint strength equal to rf when the corre-
sponding bond thickness is 2h (plotted results for m = 0.35). There
are any number of possible r⁄, C combinations, each correspond-
ing to a different Lcz/h. The agreement between the CZ FEA results
and the CZ-like elasticity solution is very good (Figs. 13 and 14) and
predicted relationships follow the expected power-law behavior
with exponents of 0.32 and 0.36, respectively (Eqs. (21) and
(25)). The approximate CZ-like elasticity solution explains why
the particular r⁄,C choices plotted in Fig. 8, which was determined
by trial and error, all predict the same joint strength rf. The inter-
facial tractions within the CZ produce a complex K that cancels that
found at tip of a crack of the same length as the CZ. There is a dif-
ferent solution for each CZ length.
Finally, note that Eqs. (21) and (25) can be solved so as to
remove their mutual dependency on rf
EC
r2Lcz
¼ 0:734 ð26Þ
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with prediction based on a CZ ﬁnite element analysis.
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deﬁned by the left hand side of Eq. (26), that directly relates the
CZ parametersC, r⁄, and Lcz (along with layer E) that is independent
of the speciﬁc joint failure load and bond thickness. The value of
this nondimensional quantity depends only on the Poisson’s ratio
(the Eq. (26) result is for m = 0.35). The values of rf and h (or Kac)
for a particular choice of the CZ parameters is not immediately
apparent, but can be determined using Eqs. (21) and (26). The value
of this nondimensional quantity was computed using the same FEA
results as used in constructing Figs. 13 and 14. Fig. 15 shows thatthe computed value of this nondimensional parameter is approxi-
mately constant and its value is in good agreement with the CZ-like
elasticity solution.6. Comparison of CZ FEA that use triangular and rectangular T–
U relationships with same C and r⁄
Although this study is focused primarily on how changing the
aspect ratio of a rectangular T–U relationship affects the predicted
butt joint strength, a limited number of calculations also examined
how the predicted joint strength depends on the choice of a rectan-
gular vs. triangular T–U relationship. Fig. 16 shows the rectangular
(rect) and the triangular (tri) T–U relationships that were used in
the CZ calculations discussed in this section. Both of these relation-
ships have the same values of r⁄ and C (r⁄ = 80 MPa, and C = 20 J/
m2). Table 1 indicates that the predicted value of rf is 20% greater
when the rectangular T–U relationship is used. Table 1 also indi-
cates that the predicted strength does not change appreciably with
mesh reﬁnement.
In the calculation that used the rectangular T–U relationship,
the CZ was fully developed when the crack begins to propagate
(i.e., v = 1 at root of the CZ). This was also true for all the other cal-
culations presented in this paper (they all used a rectangular T–U
relationship). Furthermore, the CZ-like solution does not exclude
any choice of cohesive zone parameters. This suggests that a CZ
FEA that uses a rectangular T–U can determine a solution with a
fully developed cohesive zone for any choice of cohesive zone
parameters (provided that small scale yielding-like conditions
E.D. Reedy Jr. / International Journal of Solids and Structures 51 (2014) 4336–4344 4343apply in the rigid adherend, adhesively bonded butt joint). In con-
trast, it appears that an apparent instability occurred in the calcu-
lation where the triangular T–U was used. Fig. 17 compares the
normal opening at the interface corner (normalized by the critical
opening dc for the respective T–U relationships) as a function of the
normalized applied tensile stress rn/rf. The opening at the root of
the CZ displays an apparent limit-like response as rn/rf approaches
one when the triangular T–U relationship is used. It is well known
that numerical instabilities can arise when the stiffness of the
adjoining bulk elements is relatively low compared to the triangu-
lar T–U’s unloading stiffness (Foulk, 2010). However, this is not the
source of the instability observed here since the element stiffness
was more than an order of magnitude greater than that, triangular
T–U’s unloading stiffness in this calculation.
The calculations for the rectangular and triangular T–U relation-
ships were repeated using an explicit dynamics ﬁnite element code
so as to roughly estimate when rapid crack growth commences.
This is done by loading the specimen to a speciﬁed edge displace-
ment (or equivalently a speciﬁed rn) and then holding this dis-
placement ﬁxed to determine if the interface separates without
further loading. For the case of the triangular T–U, the cohesive
zone did not extend during the hold when the specimen was
loaded to level such that the maximum effective separation at
the root of the cohesive zone v equaled 0.49 (v deﬁned in Eq.
(3)). However, when the load level was increased by about 1%
and the maximum value of v was 0.56, the cohesive zone contin-
ued to grow while the load was ﬁxed, and ultimately v equaled
1.00 and the interface separated as crack grew from the interface
corner. In contrast the cohesive zone did not extend when the rect-
angular T–U relationship was used even when the maximum value
of v equaled 0.95 at the beginning of the hold. This strongly sug-
gests that a dynamic instability occurred before the CZ was fully
developed when the triangular T–U was used. It would seem that
in this particular analysis the relatively rapid rise in the energy
release rate as the length of a small crack increases overwhelms
the incremental increase in the resistance associated with the tail
of the triangular T–U relationship. This is a topic that deserves fur-
ther attention. There is no reason to believe that all triangular T–U
relationships will produce the sort of instability depicted in Fig. 17.
Additional work is needed to deﬁne the nature of this instability
and its relationship to the parameters that deﬁne the shape of
the T–U relationship.
It has been noted by others that a rectangular T–U relationship
seemed to work better than other shapes when analyzing the ini-
tiation of crack growth from a sharp notch (Gomez and Elices,
2003). It is possible that some T–U relationships with non-rectan-
gular shapes are more prone to a dynamic instability and this
explains their poorer performance. This is potentially an important
consideration when applying a CZ fracture analysis to predict the
initiation of crack growth from material and geometric discontinu-
ities other than a long preexisting crack.7. Discussion
The predicted strength of a rigid adherend, adhesively bonded
butt joint was found to depend on the shape of the T–U relation-
ship used in the CZ fracture analysis. There was no preexisting
crack in the problem analyzed and the CZ was small compared to
the thickness of the elastic layer (small scale yielding-like condi-
tions applied). The predicted dependence on the shape of the T–
U relationship can be contrasted to the case of a long, preexisting
crack between elastic materials where a CZ analysis will yield a
failure prediction that depends only on the work of separation/unit
area (fracture toughness) provided that the CZ is sufﬁciently small.
Most of the CZ calculations reported herein used a rectangular T–Urelationship, and this relationship is deﬁned by two parameters:
the interfacial strength r⁄ and the work of separation/unit area
C. The primary ﬁnding of this study is that for a speciﬁed adhesive
layer thickness, there is any number of r⁄, C combinations that
generate the same predicted joint strength. Each combination cor-
responds to a different CZ length. An approximate CZ-like elasticity
solution was developed to show how such combinations arise.
In some sense, the CZ can be considered to be the ‘‘initial ﬂaw’’
when there is no preexisting crack and, consequently, the shape of
the T–U relationship matters since it controls the CZ length as well
as the magnitude and distribution of CZ tractions. Since there are
any number of C, r⁄ combinations that generate the same joint
strength, a T–U relationship that simply predicts the measured butt
joint failure load cannot be considered to be a material-like
property.
It is important to note that any of the C, r⁄ combinations that
predicts the strength of a butt joint at one bond thickness can suc-
cessfully predict the strength at other bond thicknesses. This
should be true provided that the CZ is deeply embedded with the
interface corner Ka ﬁeld and small scale yielding-like conditions
apply. Consequently, identifying one particular C, r⁄ combination
that successfully predicts the dependence of joint strength on bond
thickness does not mean that that combination has special signif-
icance. The ability to predict the dependence of joint strength on
bond thickness is illustrated in Fig. 18. The C, r⁄ combination
C = 13.5 J/m2 and r⁄ = 60 is one of any number of C, r⁄ combina-
tions that predict the strength of an adhesive layer with 2h = 0.5
to be 38 MPa (see Fig. 8). Note that this choice of joint strength
matches that measured in experiments where 2h = 0.5 (Fig. 2).
Using this C, r⁄ combination, the strength of joints with
2h = 0.25, 0.5, 1.0, and 2.0 mm were predicted by a CZ analysis
and those results were used to deﬁne the rf vs. 2h relationship
plotted in Fig. 18. Also plotted in Fig. 18 is the experimental data
previously plotted in Fig. 2. The CZ calculation predicts the depen-
dence of joint tensile strength on adhesive layer thickness.
Although the results presented here are for the particular case
of an idealized, adhesively bonded butt joint, they are expected
to have broader applicability. Speciﬁcally, the shape of the CZ
model may potentially affect the predicted response whenever a
CZ fracture analysis is used to predict the initiation of crack growth
from material and geometric discontinuities other than that of a
long preexisting crack. Even though a CZ FEA successfully predicts
a joint’s measured fracture strength, the parameters deﬁning the
T–U relationship used in that analysis may have limited physical
signiﬁcance. There is presumably any number of T–U relationships
that would also successfully predict failure.
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